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Fundamental Inequalities for Discrete and

Discontinuous Functional Equations

By

G. Stephen Jones¥

Cronwall's lemma embodies an inequality which is often referred
to, and justifiably so, as the fundamental inequality of differential
equations. Its usefulness is felt from the very beginning when one en-
counters the most elementary theorem on the existence and uniqueness of
solutions and their dependence on parameters and initial values. Further-
more, it continues to be an extremely simple yet effective tool as one
proceeds to the more delicate and sophisticated considerations in the
theory of perturbations and stability. A statement of this lemma usually

proceeds somewhat as follows:

Iemma 1 (Gronwall's Iemma). Iet x, £ and z be real-valued

piecewise continuous functions defined on a real interval [a, b], and

let z be nonnegative on this interval. If for all t in [a, Dbl

t
x(t) s £(t) + [ z(7)x(t)dr, (1)
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then
t t

x(t) = £(2) + [ z(7)f(7)exp([ z(s)ds)ar, (2)

for all t in [a, Dbl.
The proof follows in & completely straight-forward manner. We

have only to observe that if we let F(t) denote the integral in (1),

then (1) implies F'(t) - z(t)F(t) = z(t)£(t) at all points of con-

t
tinuity of z(t)x(t). Multiplying through by exp(- [ z(t)dr) and in-
a
tegrating from a to t it follows immediately that
t t t
[ z(v)f(7)exp([ z(s)ds)ar z [ z(7r)x(7)dr,
a T a

which, of course, implies (2). The advantage of inequality (2) over
inequality (1) becomes apparent if we consider f and 2z as known
functions and x as unknown. That is, inequality (2) gives us a com-
pletely known function which majorizes x. One may also observe that
inequality (2) is the best possible resulting from inequality (1) in the
sense that if inequality 1s replaced by equality in (l) then the same
may be done in (2). Many applications of this lemma may be found in
reference [2], [5], and [6] as well as in numerous other books and
papers.

In this paper we shall present a series of lemmas which contain
inequalities which may be used in the theory of finite difference equa-

tions and more general discontinuous functional equations in essentially
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the same capacity as the inequalities of ILemma 1 are used in the theory
of differential equations. To 1llustrate the application of these
lemmas several results concerning boundedness and stability of solutions
are presented.

As one might expect, it is possible to construct lemmas similar
to the Gronwall Iemma involving sums rather than integrals which may
be effectively used in the analysis of finite difference equations.
The most precise and complete analogue for the discrete case may be

stated as follows.

lemma 2. Let [xk}, (f,}, and (z}, k=0,1, ..., m, De
real valued sequences and let [zk} be nonnegative. If for

k=0,1, ..., m,

x. s T + L z.x (3)

then

x sf + 2. [ H (L +z)z.f, 1, (4)
Kk i<k 1<j<xk Joid
for k=0,1, ..., m
Note: In inequality (4) the term HAj (l+zj) should be
1 <3<k

interpreted as unity when k £ i, This convention will be adopted

throughout this paper. Furthermore, if we are considering a set of

matrices f{A.}, j=1, ..., k, then IIAJ denotes the product
J i 1i<j<k
Ai+lAi+2 ces Ak-l’ whereas . ,Aj denotes the product
k>3 >1

Ak-lAk-E T Ai+l'
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We observe easily that if c¢ 1s a constant and zy =c¢ for
i=0,1, ..., k-1, then substituting c for the =z ,'s in (4) pro-

duces the inequality

x, sf_ +e¢ s (1 + c)k-i-lf

0 £i<k i°

On the other hand, if b 1is a constant vector such that fi = b for
i=0, ..., k, then substituting b for the fi's in (4) produces the
inequality

X, = (L + z,)b.
k O§Q<k +

Special cases of Iemma 2 are stated and used in the analysis of
finite difference equations in [7], [8] and in other readily available
literature. TIet us now state and prove a lemma which includes Iemma 2

as a special case.

Iemma 3. Iet x, f, g, and z be real valued functions defined
on an interval [a, b] with g and 2z nonnegative and let

T, <7y <l <T be a sequence of numbers in f[a, b]. If

x(6) = £(t) +g(t) = 2(r))x(t;) (5)
Ti <%

for all t in [a, bl, then forall t in [a, b]

x() se(t) +et) = (Ul (el ats Daez(xy)). (6)
Ti<t Ti<TJ<'b

Proof. ILet y Dbe a function defined on the interval {a, b] by the

formula

y(8) = £(8) + g(t) = a(t,)y(r,). (7)
Ti< t



Obviously the formula

(1 + g(r Ja(c Na(r)e(x,)  (8)

y(t) = £(t) + g(t) =
oS K

T

¢ 1
t 1.<7t.<*7
i i J

is valid for t in [a, Tl] and at all points t where g(t) = O.
Let us assume 1t is satisfied for t in [a, 7, ]. Then for t in

('rk, min{T b}] we have

k+1’

y() = 2(8) + (W) I a(r)y(sy) + 2l le(sy)

i k (9)
ve(ry) = (I (+alpes e ).

'ri< Tk 'ri< TJ< Tk

It g('ck) ;4 0, then our assumption implies

Tii TkZ(Ti)y(Ti) i Ti<z'fn(’fi<]3:j< Tk(l ' g(TJ)Z(TJ))Z(Ti)f(Ti))’

and making the obvious substitution in (9) we observe that formula (8)
is satisfied for t in ('rk, min{Tk+l, b}). If g(’ri) =0 for

k2i>k -~p with either k -p =0 or g(rkp);éo, then

o) =2 reml = (L e et et ey

T <t <1 T.<1T.<1T
i i J k+1l

ral ez (L s e e e
1 p 1 J ke-p

=r(e) +e(v) = (] (14(7 )2 (7 ))z(7,)E(7,)).
'ri<'r Ti < Tj< Tk+l
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Hence we may conclude by induction that formula (8) is valid on
[a, b].

Now let us define the function ® = x - y. Clearly w(t) 20
for t in [a, 7,]. Assume w(t) 20 on [a, 7,] and let t De

an arbitrary point in (Tk, min[Tk+l, b}). Then

o(t) = g(t) Tig Tkz(ri)w(Ti) z 0,

and it is immediate from induction that w(t) 2 0 on [a, b]. This
fact together with the previously established validity of formula (8)
completes the proof of our lemms.

To illustrate the usefulness of Iemma 3 we will consider a simple
application in the theory of finite difference equations. First, how-
ever, it i1s convenient to introduce some additional notations.

Iet p Dbe a positive integer and let § be a discrete increasing
sequence of points in [-p, w), For each t >-p let T denote the
largest element in ( 1less than t and let o = {t : T, 2T 2 Tt_P,
T in Q). We assume that the number of points in o is bounded for
all t >-p. If x is a function defined for t z - p with values
in R" (the space of n-dimensional column vectors), then x(ai) denotes
the vector (x(vl), X(VE)’ ceey x(vk)jr in B™X vhere Vs eees Vi

is the largest subset of Q with T, 2 v

t 2 > v >...>Vl§1’t

x ~ Vi1 -p'
| | designates any appropriate norm definable on R® for arbitrary
m. If A is an m X m matrix then |[A]] denotes the smallest number

t such that JJAul s & [lu] for all u in R".
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Iet us consider finite difference equations of the form

x(t) = by A(ry, T)x(7y) + Py, x(a)), t 20, (10)
t-pss =t
where the A(Tt, T )'s are nxn mtrices. F(t, ¢) 1is a function
mapping into R® and defined for t 2 -p and all ¢ in Rn(b+l) where
b is the maximum number of points in any Qy - Furthermore, we assume

there exist a positive constant ¢ and a function L(t) such that

IF(t, o)l = L(t)lloll (11)

for all t 2 0 and all ¢ such that |[p]| <c. It is clear that for
each specification of x on [-p, O] there corresponds a unique solu-
tion of equation (10) defined for all t 2z O.

Now for an arbitrary value of t 2 0 1let Vi > Vo oo > Vi denote
the points in . We define A*(Tt) to be the (b + 1) x (b + 1)
matrix of n x n matrices Aij(Tt) where AlJ(Tt) = A(Tt, vj),

=1, «v., k, A 1=2, ..., k, and A(7y) =0

Rn(b+l)

141,1(7¢) = I

otherwise. We define the column vector x*(t) in as

r
(x(t), X(Vl): veey X(Vk)) 0, «ov, 0)
and the vector F*(t,, x*(1.)) 1in Rn(b+l) by the formula

Pr(r,, 1(ry)) = (B(ry, %(@)), 05 vvy O)
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It is easily verified that equation (10) is equivalent to the larger

system of the form

x*(t) = Ax(T )x*(T,) + F*(7,,x*(1.)), t20. (12)

We shsall prove the following boundedness result.

Theorem 1. Iet || H A*(v)|| be bounded for all t z 0. Suppose
veEQ
t>v

there exists a function g such that

sup( HA*(V) :v in 9, t>v <t t 2zt 20}sg(r) (13)

l’

and that H (1 + g(v)L(v)) 1s bounded for + 2 0. Then all solutions

v €
v <<t

of equation (10) starting with sufficiently small initial data are

bounded, TIf ¢ = o then all solutions of (10) are bounded .

Proof. Iet v, = 0 if O 1is contained in § and otherwise let vy = To'

Iet Vi < vy < ves denote the positive elements of Q. We observe

that

xx () = ax(v_)xx(v.) + F(v,, ¥%(v,))

for t in (O, vl], and it follows easily from induction that in general

() = 1L Qe+ 2 (O[] M IRrae(yy)) (1)

>y Vi<tt>v>vi

J
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forall t 2 0. Not let u be any real valued function defined on

[-p, ©) such that

aw) < AL mo Ity + et B wuy). 09)

1:,>vi Vi<

Employing Iemme 5 we have

u(e) s || [ Al ulvy)

t < v,
i

ree) = (L aeet el 11 sl ae,).

vi<t vi< vj<t Vi>v,j

By our hypotheses there exists a constant Kl which bounds

I H A*(vi)H for all t 20, so we have
t > vy

u(t) s K v@ t(l + g(vi)L(vi))u(vo).

1

But then .l (1 + g(vi)L(vi)) is by hypothesis also bounded by some
v.<t
i

constant Kg’ so we may conclude that

u(t) = Kleu(vo) (16)

C

K%

lu(t)] <c¢ for all t z 0. DNow returning to (14) it is clear that (11)

for all t > 0. It follows, of course, that |u(0)| < implies

and (13) imply that for “x*(vo)” < =- we have

K%
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k(e < I T axopl s (vl + 6ry) 5 sl @)
t>v v,< t
i i
which is an inequality of the form of (15). Thus we have by (16) that
lex(t)] s KiKé”ﬁYvo)“ for all t 2 0 and the proof of our Theorem is
complete.
A complementary result concerning stability which is essentially

proved in the proof of Theorem 1 may be stated as follows.

Theorem 2. Assume the hypotheses of Theorem 1, suppose ( 1s not
bounded, and suppose g(t) -0 as t — . Then all solutions of equa-
tion (10) starting with sufficiently small initial data tend to zero as

t »>©. If c = then all solutions of (10) tend to zero as t —wm.

Proof. 1In the proof of Theorem 1 it was shown that

el = 11 L a1 Bl + atry) 2« I e pnev )nev )nevy)

> vi vi< t vi<'vj< t
(18)

11T e )1 1)1,

v,> Vv

i

for all sufficiently small initial data and for all initial data if
¢ = w. Since our hypotheses imply that both terms on the right hand
side of inequality (18) tend to zero as t — o, Theorem 2 is proved.

For a large number of results related to the boundedness and stabi-
1ity of finite difference equations the reader is referred to (31, [4],
and [9]. There is also a wealth of material available in recent Russian

literature.
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The next step in this development is to establish a lemma
which generalizes lemma 1., However, this generalization is only pre-
paratory for establishing our most all inclusive lemma which contains
both Iemma 1 and Iemms 3 as special cases. We shall apply our results
in the analysis of a general class of nonlinear integral equations of
the Volterra type. Before proceeding, however, let us first review
a few of the basic notions involved in constructing Riemann-Stielt jes
integrals.

For an interval [a, b] we denote an arbitrary partition of

this interval by P. That is, P = {to, te, eee, tm} where

l)

a = to < tl S tm-l < tm =b, If f, x, and yu are arbitrary
bounded functions defined on the interval [a, b], then a sum of the

form
m
S(P, £, 1) = Z£(r) (() - ulty ) (19)

is called a Riemann-Stieltjes sum of f with respect to p. f 1is
referred to as Riemann integrable with respect to u on [a, b] if
there exists a number 1. having the following properties: TFor every

€ >0, there exists a partition P_ on [, b] such that for every
partition P such that P, C P and every choice of the points T, in

[tk-l’ tk]’

tion F = (fl, Toy ey fn) is referred to as Riemann integrable with

we have [S(P, £, u) - L| <€. A n-dimensiomal vector func-

respect to u on [a, b] if such is true for each component function
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£, 1=1,2, ..., 0. When the limit L (or (Ly, Ly, +ver L)) in
b

the vector case) exists, then it is denoted by [ f£(t)du(t) (or

b a

[ F(r)du(t) 1in the vector case). For an excellent account of the
a
elementary theory of Riemann-Stieltjes integrals the reader is re-

ferred to [1].

lemm 4. Iet x, £, g, and z ©be real valued functions de-
fined on an interval [a, b] and either continuous or of bounded

variation . Iet g and z be nonnegative and let 7 be a non-

decreasing continuous functional defined on [a, b]. If for all t
in [a, b]
t
x(t) = £(t) + g(t) [ z(7)x(t)dn(T), (20)
then
t t
x(t) s £(t) +g(t) [ £(v)z(v)exp (J g(s)z(s)dn(s))dn(r), (21)
a T

for all t in [a, bl.

t
Proof. Since the function exp {f z(s)dn(s)} for T in [a, t] is
T

continuous and of bounded variation, we know from the elementary theory

of Riemann-Stieltjes integrals that the function y given by the formula

t t

y(t) = £(t) + g(t) [ £(v)z(v) exp ([ g(s)z(s)an(s))dn(r) (22)
a T

is well defined and continuous. We will show that
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t t t t
- [ £(z)d(exp(f =z(s)dn(s))) = [ z(v)£(v)exp([ z(s)dn(s))an(s). (23)
a T a T
Iet P = (to, TIRERS tm) be an arbitrary partition of [a, t]
such that ltk - tk-ll <% for k=12, ..., m. Considering the

corresponding Riemann-Stieltjes sum for the integral on the left hand

side of (23) we have

t t

- me(t)lexp(f u(s)dan(s)) - exp(f  z(s)dn(s))]
k=1 tk tk-l
m t
= ki:lZ(Tk)f(Tk)exp(kaZ(B)dn(S))(n(tk) -t 1))
m t tk
+ 5 a(t)f(r)exp(f z(s)an(s)(exp(~ [ z(s)an(s)) = 1)(n(t)- n(ty ;)
k=1 Tk Tk
(24)
m t
+ 2 o(r)exp(f z(s)an(s))(z(vy) = 2(r))(n(ty) = nlty ;)
k=1 tk
e e el w@anE)( 5 L 20 ) -t )Y,
kel k tk {=0 il k k k-1

where T, and v, are points in the interval [t 17 tk].

Ietting & take on a sequence of values Sn’ n=1, 2, «ee,

tending to zero we observe that the only term on the right hand side of
the equality sign in (2&) which does not tend to zero in the first. But,
of course, the first term is just a Riemann-Stieltjes sum for the integral

on the right hand side of (23), so we have established the validity of (23)-
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Iet us now show that y as defined by (22) satisfies the equa-
tion
t
y(t) = £(t) + g(t) [ z(7)y(r)dn(7) (25)

a

on the interval [a, b]. Considering the integral
t T T

I(t) = [ z(v){£(v) + g(7) [ z(v)E(v)exp([f g(s)z(s)an(s))}dn(r)
a a v

t t T T
- am)E()an() + [ 2(v)e()exp(f g(s)z(s)an(s)) J z(v)E()
exp(~ | &(s)z(s)an(s))an(c),
a

we obtain, using the integrations by parts formula for Riemann-Stieltjes

integrals that

t t v
I(t) = [ z(n)f(v)dn(7) + [ {z(v)£(v)exp(- [ g(s)z(s)dn(s))dn(v)}

T

d(exp [ g(s)z(s)dn(s)) = y(t) - £(t),

which, of course, implies (25).
Defining w(t) = y(t) - x(t) and using (20) and (25) we have
t
o(t) = g(t) [ z(v)w(t)dn(r). (26)

a

Furthermore, if we define the operator T for bounded functions u

on f[a, b] by the formula
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t
T(u(t)) = g(t) [ z(v)u(v)dn(7),
we see that (26) implies

o(t) 2 T(w(t)) 2 T(o(t)) 2 ... 2 T(w(t)) 2 ..., (27)

for all t in [a, b] where Tk(w(t)) = T(Tk‘l(m(t))). But for arbi-

trary n,
t "1
Plot) 2 [ 2(t)a(v)) | z(7,)e(t,)
) :n-l
S alrglalr)an()an(r, ) oo dn(),

so letting m = mx(z(t)g(t): t in [a, D]} end m, = max{|w(t)| : t

in [a, b]} we bave

) m,(n(t) - n(a))

n!

™ (w(t)) 2 - )

Hence clearly Tn(m(t)) -0 as n -« and we may conclude from (27) that
o(t) 2 0 for arbitrary t in [a, b]. Therefore, we have proven that
x(t) = y(t) which was, of course, our objective, and Lemma 3 is estab-
lished.

Now for the purpose of providing a unified formulation for discrete,
continuous, and discontinuous problems, we present a lemma which simul-

taneously generalizes lemma 3 and Lemms L.
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lemma 5. Iet x, f, g, and 2z Dbe real valued functions defined
on aninterval [a, b] and either continuous or of bounded variation. Iet
g and z be nonnegative. Iet p be a nondecreasing functional defined
on [a - €, b] for some € >0 which is continuous from the left, and let
x, f, g, and 2z be continuous from the right at all points of discontinuity

of u. If forall t in [a, Db]

t-
x(t) = £(t) + g(t) [ z(7)x(7)du(7), (27)
a
then
t- t-
x(t) s £(t) + g(t) [ £(v)z(v)exp( [ g(s)z(s)du(s))du(T), (28)
a T
forall t in [a, b]. Let §O=a, let [gi}, i=1,2, ... denote the

set of discontinuities of p in (a, b], and for all t in [a, b] let
aE) =u(t) - = (L), (29)
<t
i
when J(t) = p(t+) - u(t). Then for all t in [a, b],
t- t
w(t) s£t) +a(t) | (L (ua(t)a(t)3(t,))exp(f e(s)z(s)an(e))
a T<{g <t (30)
z(t)f(7)du(r).
Furthermore if |f(t)| and g(t) are bounded on [a, b] by constants X

and c¢ respectively, then
t
x@) sx 1 @+ ea(t)a(e)exnle [ 2(s)an(s)) (1)
a < Ci <t a
forall t in [a, b].

Proof. C(Clearly we have by hypothesis that

t
x(t) s £(t) + g(t) [ a(T)x()an(r) + g(t) = z2(L;)x(t,)a(e,)-
a §i< t

Since 1n is obviously continuous as well as nondecreasing it follows from

Iemma L4 that



-17-

mnéfu>+awg;tﬂgn@gxg)

t t
+g(t) [ z(r)exp(f g(s)z(s)an(s))(£(v) + &(v) = =z(t;)x(¢,)a(t;))dn(r),
a T §i< T

and consequently

t t
x(6) 5 £(6) + 6(1) I a(Ex(E)I(L)) + a(v) [ 2(Iexp(f e(e)a(s)an(a))e(v)an(x)

1 (32)
t

+ g(t)exp( [ g(v)z(v)an(r))1(t),

where

t T
I(t) = [ z(v)g(v)exp(- [ g(s)z(s)dn(s)) CZ< TZ(§1)X(§i)J(§1)dn(T)-
a a 5

Using the integration by parts formula we have

t
I(t) = - exp(- [ g(1)z(r)an(v)) = =(g,)x(t,)a(e,)
a £, <t
&

+ €i§ texp(- fa g(s)z(s)dn(s))z(t,;)=(g,)3(ty),

and substituting in (32) it follows that

t t

x(t) = £(t) + g(t) [ z(v)exp( [ g(s)z(s)an(s))f(v)dn(r)
a T

(33)

t
+g(t) = exp( [ &(r)z(r)an(r))z(ty)a(t)x(e)-
£, <t ¢
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Now for arbitrary & > 0 we can choose a finite subset {vi},

i=0,1, ..., my of [gi], i=0,1, ..., suchthat v =a and

t
g(t) = exp (J a(s)a(s)an(z(t,)a(t,)x(t,)
<t by (34)

t

= g(t) = exp( [ g(s)z(s)an(s))z(v )I(v;)x(v;) + 8(t)

vi< t Vi

where |5(t)| <& forall t in [a, b]l. Substituting (34) into (33)

and envoking Iemma 3 it follows that

x(t) S Fy(t) + g<t>v>i:< t(vi< E[f (v )z (v 3ty )
t
exp( [ &(s)z(s)dn(s))z(vy)I(vy)Fg(ry)
14

i

(35)

where

t t
Fg(t) = £(t) + g(t) [ Z(T)exp(f;g(S)Z(S)dn(S))f(T)dn(T) + 5(t).
a

Again using the integration by parts formula we may observe that

g(t) : t<vi< Iva (v )20y )30 ety )z (v 3vy)

vy £
fa exp(frg(S)Z(S)dn(S))Z(T)f(T)dn(T)) (36)

T‘t t
= - g(t) J "exp(f &(s)z(s)an(s))z(v)E(r)an(v)
a T
Yi4l t
ve(®) 2 ( [[  (v)av)3v (I exe([ g(s)z(s)an(s))
vi<.’tt vi< vj< t vy T

z(v)£(7)an(7)),
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where T, denotes the largest member of {vi}, 1=0,1, ..., m

which is less than t. Now substituting (36) into (35) we have that

t t
x(t) = Sl(t) + £(t) + g(t) J exp([f g(s)z(s)dn(s))z(r)f(r)dn(r)
Ty T
N (37)
fe), t(v1<jgg< (I D] (e 205

Vitl t
ve®) = (] (1e(v)z(v,)3(v ) Jexp(f g(s)z(s)an(s))z(v)E(r)dn(r)),
T

vi<'rt Vi vi< vj<t

where

gu>=aw+gu%;tgfgftu+swyagwuy>

t
exp( [ g(s)z(s)an(s))z(v,)a(v;)8(v,).
Vi

Furthermore, 1t is easily verified that the right band side of (37) reduces

to yleld the inequality

t-
x(6) s £(6)+a(t) [ (][ (14 el 2(v)3(v)
a T<vi<‘t

t
exp( [ g(s)z(s)dn(s))z(v)f(r)du(r) + 5 (t).

Since Sl(t) is bounded on [a, b] by a constant times & and & may

be chosen arbitrarily small, it follows that



t-
x(t) = £(8) +g(6) [ ( J] (1 +e(t)z(e,)a(e,))
a T<E<t

. (38)
exp ( [ g(8)z(s)an(s))z(7)£(7)du(r).
T

Making the observation that

. <Igi< t(1 + e(t)z(t;)a(ty)) = exp(T <z§i< 1;g(gi)z(gi)tr(gi)),

we see that (38) implies

t- t-
x(t) s £(t) + g(t) [ exp({r g(s)z(s)dp(s))z(r)£(7)du(r).

Substituting the bounds K and c¢ for |f(t)] and g(t) respectively

in (38), we may verify that

t
x(¢) sk [[ (4 ea(t)a(t))exp(c [ z(s)an(s)),
a < §i< t a

and the proof of our lemma is complete.
One may verify that ILemma 5 similar to ocur previous lemmss pre-
sents a "best possible" inequality. That is, if the inequality sign
in (27) is replaced by equality then the same may be done in (30).
Consider now a function K(t, T, ¢) mapping [0, ») x [0, ®) X R®
into R which is either continuous in T or of bounded variation on bounded
intervals in T. Suppose there exists positive functions g and L on

[0, ©) which are either continuous or of bounded variation on bounded

intervals and are such that for all P and P in Rn,
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Ik(t, ©, @) - K(t, 7, @)l = &(E)L(T) oy - @yl (39)
As a straightforward application of Iemma 5 we shall present a result

concerning Volterra integral equations of the form

t-
x(t) = £(t) + fo K(t, 7, x(7))du(r), t20, (ko)

when f is either continuous or of bounded variation on bounded inter-
vals and p is nondecreasing and continuous from the left. We assume
g, £, and L are continuous from the right at all points of discon-

tinuity of .

Theorem 3. Suppose equation (40) has a bounded solution x defined on

[0, »). Suppose g 1s bounded and

f:w)d K1) <o (b1)

If h is a function defined on [0, ») which is either continuous or
of bounded variations on bounded intervals and such that [|£(t) - h(t)||

is bounded on [0, »), then any solution of the equation
t-
y(t) = h(t) + fo K(t, 7, y(7))du(r) (42)

is bounded. Furthermore, if g(t) »0 and [[£(t) - h(t)|| 50 as

t »w, then |x(t) - y(t)|| -0 as t s
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Proof. Clearly

t-
-ﬂt)-YR)=f&)-h@)+fo(Mh'H)Wﬂ)-Kﬁ,T,YﬁHmKﬂ,

so by (39) we bave
t-
lx(t) - y(&)ll = ll£(t) - (el + &(t) jo L(D)|x(7) - y()llau(x).  (43)

Hence envoking ILemms 5 we have

lx(t) - y()l = [l£(t) - n(t)||
(L)
t

t-
+ae) J (Al (1+8(8 1A8,)3(8; )exp (] g(&)()an()E(0) 2 (v)-b(x) au(r)

a T<§i<t

where (gi}, i=1,2, ... denote the discontinuities in ,

n(t) = ut) - = J(t,),
g, <t

and J(t) = p(t+) - p(t). By bypothesis there exist constants b and
¢ which bound g(t) and [£(t) - h(t)|| on [0, ») respectively, so

we conclude from (44) that

- t
be(e) - y@)ll se Ll @+ vre)attdexs(® [ us)an(s))
’51 <t a
£ ( 5)
scexp (b fo L(t)du(t)).

Since [ L(t)dn(t) <o and x is bounded on [0, w), it follows that ¥y

0
is bounded on [0, »). We also observe from (L4k) that



(1]

[2]

(3]

(4]

(5]

(6]

(7l

(8]
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-
be(t) - y(6) [ 5 ll2(e) - n(e)) + B (exp(n S UE(r) - 1),

Thus it is clear that if g(t) -0 and |[f(t) - h(t)]| o0 as t 5w

then |jx(t) - y(t)|| 50 as t —»® and our theorem is proved.









